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Abstract

We analyze the numerical and analytical of solution for the mathematical modelling of DNA vibrational dynamics with relaxing
function is studied using an integrodifferential equation which takes past information from the dynamics of DNA based on the
Peyrard-Bishop model for vibrational motion of DNA dynamics, some other researchers have tried from the analytical point of view.
In addition, we add the boundary conditions and initial data, for that one, we consider the Sobolev spaces and some other result
from the theory of functional analysis. We apply the Faedo-Galerkin method in order to obtain the required solution. Using Matlab
and Fourier Series, we can obtain numerical solutions as an educational strategy for mathematical research and software
development in the areas of bioinformatics.
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Introduction

Initially, the vibrations of DNA have been analyzed using the discrete nonlinear Klein-Gordon
(KG) equations (n=1, 2... N)

l.-‘.|”_+_V,(l"|n)_’_/u(zun _un—l_un+1):O’ ( 1)

with V'(u,) being the derivative of the potential with respect the coordinate u, wich represents

the stretching of DNA and generating its dynamics according to Figure 1 using Matlab and Series
de Fourier. (1)
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Figure 1. Numerical solution for the equations (0)

In this work we focus on the past of DNA dynamics, which is given by a convolution operation
mathematically and transforming the equation into an integrodifferential equation.

Methods

The problem consists of the following model
t

e — (I + 3L,u2) Uy, + 2a?Du + fg(t - s)(a(x)ux(s))x ds

=0, (0,L)x (0, +000) €Y)
( u(0,t)=0

u(L,t) <d,  a(l)gx* ue(L,t) — (Lue(Lt) + Lu(L, ) <0 (2)

l WL, t) — d) (a(L)g * ux(L,t) = (e (L, t) + LUd(L, 1) = 0
u(x,0) = u®(x), u(x,0) =ul(x) 3)
Where, a:[0,L] - R issuchthata(x) > 0forallx € [0,L] (4)
And we assume that the relaxing function satisfies the condition: g: [0, +o) - R

g)=0,g'(®) <0, 0<My= I, — Sup a(x) f, " g(s)ds (5)
x€[0,L]

We recall the convolution g * h as being fotg(t —s)h(s)ds
Consider the subspace V < H(0,L) n W*(0, L) defined by
V ={ueHY(0,L) n W¥*(0,L); u(0) = 0} (6)

with the inner product: (u,v) = fOL u, v, dx .We also consider some other binary relations:

t

@ BO = [ 9= In® - hs)Pds
0
t

G WO = j 9t — $){h(®) — h(s)}ds

0
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1434 Numerical and Analitic Solution for the Integrodifferential
Then, for every g, h € C1(R) we have the identity <&

t

d
209 W = g h—g@IP =249 h-[g@adstit @)
0 ol
Let K be the subset of V givenby K = {u € V;u(L) < d} €))

Definition 1. We say that the function u(x, t) defined in [0, L] x [0, T] is a weak solution for
(1)-(3) if the following properties hold

u € L*(0,T; K) n WL=(0,T; L*(0,L)) n C1([0,T]; H~Y/2(0, L))

T (L T (L
—f f u; (v — up) dxdt + f f (L, + Lud —a(x)g * u,](vy, — u,) dxdt
0o Jo 0o Jo
+

T oL L L
+2a2Dj j u(v —u) dxdt > —j u (T)(v(T) —u(T)) dx + f ul (x)(w(0) — u(x)) dx
0 Jo 0 0
u(x,0) = u’(x), u(x,0) =ul(x)

We assume that the following properties hold

P If u® € H2(0,L)nV , ut €V ,and (4), (5) is verified. In addition, the compatibility
relation holds

Lul(L) + L[ud(D)]? = —é[uO(L) —d]* —eul(L) forall e > 0. Then we have

u € Ng_o W (0,T; H27K(0,L)) n Wi4(0,L)
P2) Leta € C[0,L] and g € C[0,+o0) satisfying > 0, [lall¢o, fotg(s)ds <1/l

If velL*(,T;V) nwWv*(0,T;L*(0,L)) ,is a solution of the equation (1)
Then, we have g * v € L®(0,T; H2(0,L)) NV

P3) Let (u™),,en be a sequence of functions such that
u™, ult enz_, Wb (0, T; H>7k(0, L)) NnWt40,L) , ul* € L°(0,T;L?(0,L))

satisfying ul} — (1, + 31, (u)?) ul, = f™ . Furthermore, is verified

“um“Lw(o,T;WlA(o,L)) + ”ugn”Lw(O,T;LZ(O,L)) + ”fm”LZ((O,L)x(O,T)) =C

Where C is a constant independent of m.We also assume that
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u™ — y weak star in L°(0,T; W14(0, L))

u™ — u, weak star in L* (0, T; L?(0, L)). Then we have

lim supf f [ul|? — [1 [u™)? + 1, |ul?| ]dxdt<f f [ue|? — [1 [ug? + Lo |uy |*] dxdt

m—oo

Results and Discussions

Theorem. If u® €K , u' € L2(0,L) , and (4) , (5) is verified. Then there exists a weak
solution of the equation (1)-(3).

Proof.
First of all, we consider the penalized problem

uf — (4 + 3L, ud)?) ui, + 2a?Duf + fotg(t — s)(a(x)ufc(s))x ds =0,(0,L) x
(0, 4+ ) 9

uf(0,t) = 0
| a(L)g * 5L, t) — (Luf(L, 6) + L(u5(L, 1)) ) [ws(L,t) — d]* + eus(L,t) €
\ uf(x,0) =u®%(x),  uf(x,0)=usl(x)
>0 (10)

On the other hand, we define the following spaces
W ={u€H?0,L)nV;u(0) =0, u,(L) =0}
Wy ={ueH?0,L)nV;u(0) =0, u,(L)=0,u(l) =d}
Where, W is dense in V while W n H}(0,L) is dense in H}(0,L).

Hence, we suppose that for the initial conditions (u®°),5o and (u®1).s, is verified the
following convergences

u®® - u%inv

u®t — utin L?(0,1) , as € goes to zero. Where
u e w, udt € H}(0,L) if u°(L) <d

ut® e Wy, u¥t € H}(0,L) if u°(L)=d

We recall that u®° and u®? satisfy the compatibility condition given in (P1).So that we assume
u? as being the strong solution the penalized problem (9) , (10).

Multiplying the equation (9) by uf and after integration on (0, L), we obtain
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1436 Numerical and Analitic Solution for the Integrodifferential

1d (" l 3
EEU [ug|? + [ll|u;|2 + 72 |u;|4-] + 2a20|u8|2} _ (llu;i(L, t) + L(us(L, 1)) )uf(L, t)
0

+

Lt
+ f f gt — s)(a(x)u;";(s))x u;(s)dsdx =0
0
From the above relation (7) applied to the last integral, we deduce from the previous equality

> dt{f gl + |t fusl? + |u;|4]+2aZD|uf|2}—(llu;<L,t)+lz(u§<L,t))3)u§(L,t>

L L

t
+a(L)[g * us(L, t)]ui(L,t) +%di ja(x)g uidx—fa(x)fg(s)dsluilzdx -
0 0 0

L

L
1 e gy o L )
~5 [ atrg Wdx+ 390 [ato msiax =0
0 0

From the relation (10) , multiplying by uf (L, t), we see that

ey« up @ 0) = (Lug @ 6) + LG 0)* )| uf L t) = E e, &) - dl*
euf (L, t)Juf (L t) =

1
= sl @0 — 1P} + elut 0P

Substituting into the previous equation, we have

L 1
Zdt{j ugl” + [zlluﬂz+5|u§|4]+2aZD|uf|2+;|[uf(L,t)—d]+|2}

1 [l
- j a) g ufdx ——g(t) f a() [l 2dx — eluf (L, )

0

Which is equivalent to the expression
L

L

d 1 1 , ,

R =5 [adg Odx =290 [ ) usldx - elu 1,0
0 0

Integrating on (0, t), we obtain
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T L
ffg(t)a(x) |ug|?dxdt
00

N =

T L
1
E.(t,u®) < E.(0,u®) +§f f a(x)g' ufdx—
00

T
— eflu?(L, t)|%dt
0

Since (4), (5) is verified and from the hypothesis of the initial conditions, it yields

E.(t,u®) is bounded in L*(0,T), therefore, we can extract a subsequence that we will still
denote with the same subscript, such that

uf — u weak starin L*(0,T; V)

uf — u, weak star in L* (0, T; L?(0, L))

And by the property (P2), we have

g * uf isbounded in L*(0,T; H(0,L)). On the other hand

(g* u);=90) us+g = ut is bounded in L*(0,T;L?(0,L)). For a result of
compactness, we deduce that

g* uf — g* uy inL*(0,T;L%(0,L)) (11)

From the equation (9), we see that u£, is bounded in L (0, T; H~1(0, L)), once more time from
the compactness, we have

u® — u inC°(0,T; H79(0,L)) (12)

uf — u, inL*(0,T;H9(0,L)),forall§ >0 (13)

Multiplying the equation (9) by v(x,t) — u®(x, t), with

v € L*(0,T; K) n W1 (0,T; L*(0, L)) and integrating by part on (0, L) x (0, T), we have

L L

T L
—ffuf(vt — uf)dxdt + fuf(T)(v(T) — uf(T))dx —fuf'l(v(O) — u®%)dx +
00

0 0

T L
+ f f(llufc + L, () (v, — ud)dxdt
00

T
- f (THOLEIAH A t))3) (v(L) - us(L,D)dt +
0
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T L T L
+2a%D uf(v — uf)dxdt + g * (a(x)ufc(s))x (v—ud)dxdt =0
/] /]

Which is equivalent to the following expression
L L

T L
—ffuf(vt —uf)dxdt + fu?(T)(v(T) — u¥(T))dx —fus'l(v(O) — u¥dx +
00

0 0

T L
+ f f(lﬂifc + L, (u)®) (v, — ud)dxdt
00

T
- f (hus o) + L)) (W) — ue(L,0))de +
0

T L T L
+2a%D uf(v — u®)dxdt — g* (a(x)ui(s)) (v, —uf)dxdt +
/] /]

T

+ f g* (a(L)qu(L, t))(v(L, t) — uf(L, t))dt =0
0
Making use of the equation (10), we obtain

T L

T L
—f fuf(vt — uf)dxdt + f f(llufc + L, (u)®) (v, — ud)dxdt +
00 0

0

T L T L
+2a?D uf (v — uf)dxdt — g * (a()ut(s)) (v, — ud)dxdt = —
/] /]
L

L

= —Juf(T)(v(T) — u®(T))dx +ju£'1(v(0) — u®%dx —

0 0

T

_%f([ug(L, t) —d]* + e2uf (L, 1)) (v(L) — u®(L,t))dt

0
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On the other hand,

T

1
W0 — A0 - d) - [ ) — dIF () - d)de > 0
0
So that, we obtain from the last equality

T L
f fut (v — ui)dxdt + f f(llux + L, (u)?®) (v, — ud)dxdt +
0 00
T L T
+2a%D uf(v —uf)dxdt — g* (a(x)ux(s)) (v, — uf)dxdt = —
/] I

- f UET)(0(T) — uE(T))dx

0
L T

+ f ust(w(0) — uO)dx — f euf (L O(v(L &) = u(L O)de

0 0

Of the strong convergences (11)-(13), we have
L

juf(T)(v(T) — uE(T))dx = (u§(T),v(T) — ub(T))y-1/2yy1/2

’ s (T, (T = u(T))ymrosgire
T L T L
[ [ 9% (@eus) e = urande — [ [ g+ (aue)) (o ~ ot
00 00

Forall v e H/?(0,L).

Hence, taking the upper limit and from the property (P3), we get the inequality

L T (L
—f f us(vy — up) dxdt + _[ _[ [Liu, + Lud —a(x)g * uy](vy — uy) dxdt
o Jo 0o Jo
+

T AL L L
+2a2Dj j u(v —u) dxdt > —f u (T (v(T) —u(T)) dx + f ul(x)(v(0) — u®(x)) dx
0 Jo 0 0

And from the relations (12) and (13), we obtain
u(x,0) = u®(x), u(x,0) =ul(x)
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1440 Numerical and Analitic Solution for the Integrodifferential
Finally, to obtain u(L,t) € K forall t € [0, T]. We recall that

[ué(L,t) —d]* — [u(L,t) —d]* on [0,T]. On the other hand , E.(t,u*) is bounded in
L*(0,T). So that, we have

% [ué(L,t) — d]* is bounded in L*(0,T), which implies that [u(L, t) — d]* = 0. Hence, we
deduce u(L, t) < d, therefore u(L,t) € K forallt € [0,T].
Conclusions

We have achieved a result of existence through of Faedo-Galerkin method’s as long as we have
used multiplicative techniques. The penalized problem played a fundamental role such as shown
by the main result theorem. Using Matlab and Fourier Series, we can obtain numerical solutions
as an educational strategy for mathematical research and software development in the areas of
bioinformatics.
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